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Minimum Distance Estimation

θ̂n = argminθ∈Θ D(µ̂n,µθ)

D: distance between distributions

µ̂n: empirical distribution of data

points Y1, . . . , Yn i.i.d from µ?

µθ: distribution parametrized by θ ∈ Θ

Example: Generative Modeling
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Minimum Distance Estimation

θ̂n = argminθ∈Θ D(µ̂n,µθ)

D: distance between distributions

µ̂n: empirical distribution of data

points Y1, . . . , Yn i.i.d from µ?

µθ: distribution parametrized by θ ∈ Θ

Example: Generative Modeling

Parametric 
Map

T✓
<latexit sha1_base64="RuTl7i0YAM+6A48Mug5H3pno0/c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V+gVtKJvtpl262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJFIYdN1vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3dzvPHFtRKyaOE24H9GREqFgFK3UbQ76OOZIB+WKW3UXIOvEy0kFcjQG5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny3unZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieOtnQiUpcsWWi8JUEozJ/HkyFJozlFNLKNPC3krYmGrK0EZUsiF4qy+vk3at6l1Vaw/XlXotj6MIZ3AOl+DBDdThHhrQAgYSnuEV3pxH58V5dz6WrQUnnzmFP3A+fwD+NI/j</latexit>

min
✓2⇥

D (µ̂n,µ✓)
<latexit sha1_base64="bPgkY9V9fUPaFQxoYT8nG+diJ6M="></latexit>

µ̂n
<latexit sha1_base64="/gEXghIePnksRqtbll0bacHHVPM="></latexit>

µ✓
<latexit sha1_base64="clQESIeHUjuT4Z1BBZ3ZIaDEkxU="></latexit>

Figure courtesy of Soheil Kolouri

Asymptotic Guarantees for Learning Generative Models with the Sliced-Wasserstein Distance.

K. Nadjahi, A. Durmus, U. Şimşekli, R. Badeau 1/5



Minimum Expected Distance Estimation

Directly optimizing µθ is often not possible (e.g. GANs)

θ̂n,m = argminθ∈Θ E [D(µ̂n, µ̂θ,m) | Y1:n]

µ̂θ,m: empirical distribution of a sample Z1, . . . , Zm i.i.d. from µθ
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Minimum Wasserstein Estimation

Choose D = Wp (Wasserstein distance of order p ≥ 1)

X Robust and increasingly popular estimators: Wasserstein GAN [1],

Wasserstein auto-encoders [2]

X Asymptotic guarantees [3]

[1] Arjovsky et al., 2017 [2] Tolstikhin et al., 2018 [3] Bernton et al., 2019

× Wp: expensive + curse of dimensionality

× Central limit theorem in [3] valid in 1D
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Sliced-Wasserstein distance

In 1D, Wp has an analytical form ⇒ Motivates a practical alternative:

SWp
p(µ,ν) =

∫
Sd−1

Wp
p(u

?
]µ, u

?
]ν)dσ(u)

Image adapted from Kolouri et al. 2016

⌫
<latexit sha1_base64="ftdtNVg0pFj8NBKhz/SIko5i3oM="></latexit>

µ
<latexit sha1_base64="iXl1qP4c3YBaWMLxUin7HLMclIY="></latexit>

u?
]µ

<latexit sha1_base64="yZZpcfAE0/gJHhGO6E/1FHI9J9w="></latexit>

u?
]⌫

<latexit sha1_base64="dcFly/Rzq4O+bgbGBozqslSejGE="></latexit>

u
<latexit sha1_base64="gCuMFyEMEYXdblPxSBJVVLUwOgg="></latexit>

u
<latexit sha1_base64="gCuMFyEMEYXdblPxSBJVVLUwOgg="></latexit>

Asymptotic Guarantees for Learning Generative Models with the Sliced-Wasserstein Distance.

K. Nadjahi, A. Durmus, U. Şimşekli, R. Badeau 4/5



Minimum Sliced-Wasserstein Estimation

θ̂n = argminθ∈Θ SWp(µ̂n, µθ)

θ̂n,m = argminθ∈Θ E [SWp(µ̂n, µ̂θ,m) | Y1:n]

Successful in generative modeling applications (e.g., SW-GAN, Deshpande et al., 2018)

Our contributions:

• Convergence in SWp ⇒ weak convergence of probability measures

• Existence and consistency of θ̂n, θ̂n,m

• Central limit theorem for θ̂n:
√
n convergence rate for any dimension
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Minimum Distance Estimation
• Observations Y1:n = (Y1, . . . , Yn), Yi ∈ Y ⊂ Rd, i.i.d. from µ? ∈ P(Y),

with P(Y) : set of probability measures on Y.

• A family of distributions on Y parameterized by θ ∈ Θ ⊂ Rdθ :
M = {µθ ∈ P(Y), θ ∈ Θ}.

• Purely generative models: We can generatem ∈ N∗ i.i.d. samples from
µθ, but the likelihood is intractable. µ̂θ,m is the empirical distribution.

Given Y1:n, its empirical distribution µ̂n and a distance D on P(Y), we
perform Minimum Distance Estimation (MDE):

θ̂n = argminθ∈Θ D(µ̂n, µθ) (1)

or Minimum Expected Distance Estimation (MEDE):

θ̂n,m = argminθ∈Θ E [D(µ̂n, µ̂θ,m)|Y1:n] (2)

Optimal Transport (OT) Metrics
For p ≥ 1, Pp(Y) : set of probability measures on Y with finite p’th
moment. Let µ, ν ∈ Pp(Y).

Wasserstein distance (Wp). Computationally expensive, except in
1d (Y ⊂ R) → analytical form.

Sliced-Wasserstein (SW) distance.
Sd−1 : d-dimensional unit sphere,
σ : uniform distribution on Sd−1.
Practical metric based on projections:
∀u ∈ Sd−1, y ∈ Y, u?(y) = 〈u, y〉

µ
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SWp
p(µ, ν) =

∫
Sd−1 Wp

p(u?]µ, u?]ν)dσ(u)

Combining MDE and OT
Minimum Wasserstein estimators, defined in (1) and (2) with D = Wp,
have asymptotic guarantees [1] but are not practical.
⇒ With D = SWp in (1) and (2), we get the minimum (expected)

SW estimators
(
M(E)SWE

)
of order p.

Recent studies show the empirical success of SW-based estimators on
generative modeling, but lack of theoretical guarantees.
⇒ We investigate the asymptotic properties of these estimators.

Theoretical Results

The convergence in SWp implies the weak convergence in P(Rd).

Key assumptions.
• Continuity: For any (θn)n∈N in Θ such that limn→+∞ ρΘ(θn, θ) = 0,

A1. (µθn)n∈N converges weakly ( w−→) to µθ.
A2. limn→+∞ E[SWp(µθn , µ̂θn,n)|Y1:n] = 0.

• Data-generating process:
A3. limn→+∞ SWp(µ̂n, µ?) = 0, P-almost surely.

• Bounded sets: For some ε > 0,
A4. Θ?

ε = {θ ∈ Θ : SWp(µ?, µθ) ≤ ε? + ε}, with ε? =
infθ∈Θ SWp(µ?, µθ), is bounded.

A5. Θε,n = {θ ∈ Θ : SWp(µ̂n, µθ) ≤ εn + ε}, with εn =
infθ∈Θ SWp(µ̂n, µθ), is bounded almost surely.

Existence and consistency of MSWE

Assume A1, A3, A4. Then, there exists E with P(E) = 1 such that,
for all ω ∈ E,

lim
n→+∞

inf
θ∈Θ

SWp(µ̂n(ω), µθ) = inf
θ∈Θ

SWp(µ?, µθ),

lim sup
n→+∞

argminθ∈ΘSWp(µ̂n(ω), µθ) ⊂ argminθ∈ΘSWp(µ?, µθ)

Besides, for all ω ∈ E, there exists n(ω) such that, for all n ≥ n(ω),
argminθ∈ΘSWp(µ̂n(ω), µθ) is non-empty.

Guarantees for MESWE. Existence and consistency (with
A1 to A4), convergence to MSWE as m→∞ (A1, A2, A5).

Central limit theorem for MSWE with p = 1

Consider A1, A3, A4, µ? = µθ? (with θ? ∈ Θ well-separated) and
H : θ 7→

∫
Sd−1

∫
R |G?(u, t)− 〈θ,D?(u, t)〉|dtdσ(u), with

• √n(F̂n − Fθ?) w−→ G?, where F̂n and Fθ? contain the CDFs of
the projected µ̂n and µθ?
• D?(u, ·) : the “derivative” of Fθ(u, ·) in θ?

Then,
√
n inf
θ∈Θ

SW1(µ̂n, µθ)
w−→ inf

θ∈Θ
H(θ),

√
n(θ̂n − θ?) w−→ argminθ∈Θ H(θ), as n→ +∞

⇒ Convergence rate of
√
n independent of the dimension

Numerical Experiments

• Multivariate Gaussians.

M =
{
N (m, σ2I) : m ∈ R10, σ2 > 0

}
,

and (m?, σ
2
?) = (0, 1).
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• Multivariate elliptically contoured stable distributions.
M =

{
EαSc(I,m) : m ∈ Rd

}
with α = 1.8, and m? = 2.
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• High-dimensional real data.
We train the Sliced-Wasserstein Generator
[2] (based on MESWE), on MNIST.

We plot the mean-squared error between
the training/test loss obtained for (n,m)(
from (1, 1) to (10 000, 60)

)
and for

(n∗,m∗) = (60 000, 200). 1 100 1000 10000
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